
James Akl Convex Analysis: Select Works

Solution to “Metric Topology”

Let (R, d) be the metric space where d is the usual metric, with A ⊂ R such that:

A =

{
(−1)n +

1

n
, n ∈ N∗

}

The below plot places the first 1000 elements of A on the real number line.

Interior Points

Since ∀n ∈ N∗,
(
(−1)n + 1/n

)
∈ Q, then A ⊂ Q.

Since Int(A) ⊂ Int(Q) = ∅, therefore:

Int(A) = ∅

Isolated Points

For all n ∈ N∗, let:

N =

(
(−1)n +

1

n+ 1
, (−1)n +

1

n− 1

)
Since:

∀an ∈ A,N ∩ A = {an}

Therefore:

Iso(A) = A
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Accumulation Points

Since A = Iso(A) then Acc(A) ∩ A = ∅.

Since ∀an ∈ A : −1 ≤ an ≤ 1.5 then: ∀x ∈ (−∞,−1) ∪ (1.5,∞)

∃ρ > 0 : B(x, ρ) ∩ A = ∅ =⇒ x /∈ Acc(A)

The sequence (an) can be split into two cases: n = 2k and n = 2k − 1

an =


a2k = 1 +

1

2k

a2k−1 = −1 +
1

2k − 1

∀k ∈ N∗

For each sub-sequence, define the open interval between two consecutive terms:

U = (ak+1, ak) =


U2k =

(
1 +

1

2k + 2
, 1 +

1

2k

)
U2k−1 =

(
− 1 +

1

2k + 1
,−1 +

1

2k − 1

)
‘

All of these intervals are, by definition, disjoint with A and are open, therefore: ∀u ∈
⋃∞

k=1 U

∃ρ > 0 : B(u, ρ) ∩ A = ∅ =⇒ u /∈ Acc(A)

The only remaining points to test are {−1, 1}.
For k →∞: a2k → 1 and a2k−1 → −1, therefore:

∀ρ > 0 : (1− ρ, 1 + ρ) ∩ A− {1} 6= ∅

∀ρ > 0 : (−1− ρ,−1 + ρ) ∩ A− {−1} 6= ∅

Therefore:

Acc(A) = {−1, 1}

Closure Points

Since Cl(A) = Acc(A) ∪ Iso(A), therefore:

Cl(A) = A ∪ {−1, 1}
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