James AKI Convex Analysis: Select Works

Solution to “Sequential Compactness”

Let (E,d) be a metric space and let (z,),en be a sequence in E that converges to a € E.
Prove that the set {z, : n € N} U{a} is compact.

Proof:
Let a = o and S = {z, : n € N} U{z}.

Case 1: (z,) has finitely many values.
S is finite = S is compact

Case 2: (z,) has infinitely many values.
Let (yx)ren € S be an arbitrary sequence.

(yx) is not necessarily a subsequence of (z,), does not necessarily contain all the terms
of (x,), and thus can be any reordering of some terms of (z,,).

Construct a subsequence (yx, )ien of (yx) inductively using the following algorithm:

)
No={neN:z, € (y)}
Step 0: ¢ ng = min{Np}

(

le{nGN:an(yk),n>n0}:N0ﬂ{nEN:n>no}
Step 1: ¢ ny = min{N; }

(NZ- = {n eN:xz, € (y),n > ni_l} =N,_1 N {n eN:n> ni_l}
Step i: ¢ n; = min{N,}

Yk; = T,

\

Example: If (yk) = (I’g, T2, 20, L5, T1, L7, T3, ) then (ykl) - (I'(), L1, T3, )
The resulting subsequence (yx,) of (yx) is also a subsequence of (z,,).
Since x,, = T, then yp, — Too.

Therefore Yy, € S, Jyp, = xo € 5.

Therefore S is compact.
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