James AKI Convex Analysis: Select Works

Solution to “Duality & Infimal-Convolution”

For f; and f; two proper functions from R" — R U {oo}, we define the inf-convolution of
f1 and f5, denoted by fi[fs, is the function defined on R™ by:

(LBfo)(2) := nf{f1(2) + foz = 2)}.

Part (a): Prove, using the definitions, that (fi00f2)* = fi + f5.
By definition obtain, (fi1/)*(4) = sup, {(z,4) — inf. {/1(2) + folr — )} }.

Since z + (z — z) = x, then maximizing w.r.t. z is equivalent to minimizing w.r.t * — z

or x. Thus, inf, {f1(2) + fa(x — 2)} = inf {f1(2) + fo(z — 2)} = —sup, {—fi(2) — fo(x — 2)}.

Replace above to obtain (fi0f2)*(y) = sup, {(z, y) +sup,{—f1(z) — fo(x—z)} }. Simplify to
get: (f10f2)"(y) = sup,{(z, y) = 1(2) = falw—=2)} = sup,{(z,4) = [i(2) +(x—2,y) = fo(z—2)}.

Since * = z + (x — 2), then maximizing w.r.t. z is equivalent to maximizing w.r.t z or

I—z ThU_S, (lefQ)*(y) = Supz,x—z{Sz7y> - fl(ZZ—’_SI - Z’y> - fQ(x - ZZ}

b(2) P(z—2)

Since ¢ and 1) are maximized w.r.t. their respective variable, the supremum can be split.

Obtain, (f10f2)*(y) = sup,{(z,y) — f1(2)} +sup,_.{{zr —2,9) — folx — 2)} = fi(y) + f5(v).

Conclude (f10/2)*(y) = (ff + f3)(y), as desired.

Part (b): Now let C' be a nonempty closed and convex set and let do(-) be the distance
function to the set C'.

i. Verify that de = dc0| - ||

Expand 60| - ||(z) = inf.{dc(c) + ||z — z||}. Since only the case ¢ € C'is of interest, set the
restriction and obtain that dc(c) = 0. Thus obtain o0 - ||(z) = inf.cc ||z — 2|| = do(z).

ii. Deduce that (do)*(-) = oc(+) + 65, (+), where o¢(+) is the support of C and B, is the unit
closed ball for the dual norm.

Assert from known results that (d¢)*(1) = o¢(+) and (|| - ||)* = 6, (+).
From Part (a), obtain (de¢)*(-) = (6c)*(-) + (|| - )* = oc(+) + . (+).
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iii. Deduce that
A(de)*(y) = doc(y) + 0dp, (y).

Notice that oc(y) and 0p,(y) are closed and convex. Since dc and || - || are both clearly
convex and proper, then conclude that oc(y) and g, (y) are also proper.

Also note that int(dom(o¢)) Nint(dom(dp,)) = R"NR" = R".
These conditions permit the use of the Sum Rule: 9(f;+ f5)(y) = 0f;(v)+0f5(y), Yy € R™.

Since (de)*(y) = oc(y) + 9, (y), obtain the desired result.

iv. Prove that y € dd¢(x) if and only if there exist x; € C' and 25 € R™ such that
e r =1+ X9
o y € doc(rr) and y € 9| - || (22).

Since d(d¢)*(y) = doc(y) + 0B, (y), then:
x € 0(de)*(y) = J1, 29 : 1 + 22 = x and (21, 25) € doc(y) X Idp, (y).

The converse of this statement is trivially obtained since it holds Vi, 2 : 1 + 29 =
and (z1,22) € doc(y) X 99, (y). Thus conclude with the equivalence:

x € 0(de) (y) <= 1,29 : ®1 + 23 = x and (21, x2) € Joc(y) X 00p, (y) (4.1)

Since d¢ is convex and proper, then (d)¢ is proper. Having:
(de)*, oc = (0¢)*, and ép, = (|| - ||)* all closed, convex and proper, apply the following:

x € 0(de)*(y) <=y € ddc(x)
x1 € Joc(y) <=y € ddc(x1)
3 € 06, (y) <=y € 0| - [|(x2)

Replace in (4.1) each statement with its equivalent statement as above:
y € dde(x) <= Fw1, 19 : 11+ 29 =z and y € Io¢c (1) and y € || - ||(x2)

Note that in both (=) and (<=), 1 € dom(d¢) = C and z2 € dom(|| - ||) = R™ in order
for 00¢ (1) and 9| - ||(z2) to exist. Thus obtain:

y € ddo(x) <= Jr1 € Cixy € R" 12y + w9 =2 and y € Idc(x1) and y € J|| - ||(x2) (4.2)

As desired.
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v. Deduce that B
Nc(x)ﬂB if x € C,

od = —
c(®) TG if x ¢ C,

[ = cal

where B is the unit closed ball and ¢, is the unique projection of z to the set C.

Rewrite (4.2) with 21 =c€ C and o =2 —c € R™
y € 0de(v) <=y € dc(c) and y € 9| - ||(x — ¢) (4.3)

Case 1: x € C
For x = c € C, obtain y € déc(z) and y € 9|| - ||(0).
Realize that dd¢c(z) = No(x) (HW5.4: Case # € C) and 9| - ||(0) = B.

Therefore y € Neo(x) N B if € C, thus obtain from (4.3) that ddc(z) C Ng(x) N B
and ddg(x) D Ne(z) N B if x € C. Conclude that ddc(z) = Ne(z) N B if x € C.

Case 2: x ¢ C
For x ¢ C, notice that x # c € C and 0 # x — ¢ € R™
Obtain ddc(c) = Ne(c) and 9| - [|(z — ¢) = {(z — ¢)/||lz — || }.

Here y € N¢(c) and y = (x — ¢)/||z — ¢||. Since C' is closed and convex and ¢ € C,
then: (y,d —¢) <0, V¢ € C and (z — ¢, c — ¢;) < 0.

Realize that (y,d —¢) <0<= (x —c¢,d —c) <0 forall ¢ € C.
Choose ¢ = ¢, and obtain (r —¢,¢, —¢) <0 and (x — ¢z, ¢ —¢;) <0

Addition: (x —c,c, —¢) +{(x —cpyc—cp) ={cx — ;o — ) = |[c — || L0 <= c=c,.
Therefore, y € Ne(c) and y = (x — ¢)/||x — ¢|| gives y = (z — ;) /||x — ¢z

Thus obtain from (4.3) that ddc(z) C {(z—c;)/||lx—c,||} and dde(z) D {(z—c,)/ ||z —c. ||}
if x ¢ C. Conclude that dd¢(x) = {(a: —c)/|lz— e} ifx ¢ C.

vi. Deduce that d¢(-) is differentiable at any = ¢ C.

The function d¢(-) is clearly proper, lower-semicontinuous, and is convex. Since x ¢ C' =
x € int(dom(d¢)) = R™, then:

Having dd¢(z) = { - } for x ¢ C, conclude d(z) is differentiable for any = ¢ C.
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