James AKI Convex Analysis: Select Works

Solution to “Convexity of Minimization Problem”
For a € R, we consider the following minimization problem

min xf + ax% + 129 + 21,
(Pa> (z1,22)€ER?
s.t. .171—{—{[‘2—1 S 0.

Part (a): Prove that (P,) is a convex problem if and only if a > 1.

The problem (P,) is convex if and only if D is convex, and the functions fy, f;, and
h; are all convex over D. Here D = R? is clearly convex, and the constraint function
fi(xy,w9) = 21 + x5 — 1 is affine and is thus convex over R?,

Study the convexity of fy w.r.t. a to determine the range of a for which (P,) is convex.
Compute the Hessian matrix of f, and express its eigenvalues A\; and A\, as a function of a.
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The discriminant A = (2a+2)? — 16a +4 = 4(a®> — 2a+ 2) = 4[(a — 1)? + 1] > 0 verifies that
A1 and )\, are real for any a. Use the quadratic formula to obtain Ajp = 3(2a 4+ 2 F VA).
Thus obtain the solution:

M=a+1l—y/(a—1)2?+1land y=a+1++/(a—1)2+1
The system {\; > 0, A > 0} translates to {a+1 > \/(a —1)2 + 1, a+1 > —y/(a — 1)> + 1}.

Since a +1 > /(a—1)241 >0 > —y/(a—1)?2+1 the conjunction reduces the system
to solving the following inequality:

at+1>+/(a—1)2+1 < (a+1)*—(a—1)* > 1 & (a+1+a—1)(a+1—a+1) > 1 < da > 1
The following equivalences are established:
1
a> 1 = A1, Ay > 0 <= V2f, is positive semi-definite <= f; is convex.

Therefore, (F,) is a convex problem if and only if a > 1.



https://jamesakl.com/

James AKI Convex Analysis: Select Works

Part (b): Find the optimal solution and the optimal value of (P,) when a > 1.

Since 3(—1,—1) € int(R?) : fi(=1,—-1) = =1 —1 -1 = —3 < 0 then Slater’s condition
is satisfied. Furthermore, fy and f; are clearly differentiable and (P,) is convex with a > 1.

2 1 1
Compute the gradients: V fo(z1,x2) = TLA T2t and V fi(xq, x2) = )
r1 + 2ax 1

x* is optimal for (Pa)az% if and only if I} that satisfies KKT:

(2t + 25 —1<0

Al >0

Az} +25—-1)=0
207+ 25+ 14+ A =0
2] + 2ax5 + A1 =0

Case 1: \] =0

227 + a3 +1=0 = -2
The system (D,),~1 reduces to solving: b YRR do—t
=1 x] + 2ax; =0 5

Check (7, x3) feasibility range: = + a5 — 1 = % <0 fora> 3.

Substitute above and simplify to obtain the optimal value fo(z7, %) = % for a > 3.
Case 2: 2i+ a5 —1<= 12, =1—-19
* * CC'T =1- %
. _1‘2 _I_ 3 + )\ - O 1
The system (D,),~1 reduces to solving: = Qah ==
! (2@ - ].)ZE; +1+ A'=0 % (11—3a

Check \* feasibility range: \* = % >0 for a € [i, %]

Substitute above and simplify to obtain the optimal value fo(z7},23) = 2—1 for fora € [, 1].

Conclusion:
The optimal solutions of (Pa)azi and their optimal values are:

1 1 1 1 1
i=1——andaz)=-and f; =2 — — for - <a <=
x] _andzy=—an 1o - orySasg
* 2a " . a 1
x1:—4a_1andx2:mandf0:m fOI‘CLZg
Interestingly for a = % the two minimal points are a double-point (—2, 3) for which f* = —1.
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